We investigate the inherent influence of light polarization on the intensity distribution in anisotropic media undergoing a local inhomogeneous rotation of the principal axes. Whereas in general such configuration implies a complicated interaction between geometric and dynamic phase, we show that, in a medium showing an inhomogeneous circular birefringence, the geometric phase vanishes. Due to the spin-orbit interaction, the two circular polarizations perceive reversed spatial distribution of the dynamic phase. Based upon this effect, polarization-selective lens, waveguides and beam deflectors are proposed.
The simplest approaches in wave optics model light as a scalar wave, an approximation valid only for paraxial beams propagating in isotropic homogeneous media [1] . The electromagnetic nature of light implies that photons have spin, appearing in the Maxwell's equations as the field polarization. Nonetheless, in case of paraxial waves propagating in isotropic materials, the spatial degree of freedom (i.e., the field distribution) is independent of the polarization. This is not rigorously true due to the vectorial nature of the Maxwell's equation, leading to a socalled classical entanglement [2, 3] . The discrepancies between the two approaches are significant, for example, in case of non-paraxial beams leading to polarizationdependent focusing [4] , or for polarization-dependent trajectory of light in inhomogeneous materials, the so called optical Magnus effect, aka spin Hall effect (SHE) of light [5] [6] [7] [8] .
In this context, the investigation of spin-orbit interaction is rapidly becoming a central topic in optics [9] . Photons have been demonstrated to be a unique tool for the investigation of basic quantum field theory [10, 11] . On the other hand, spin-orbit interaction paves the way to a new family of ultra-thin photonic devices, including gratings [12] , lenses [13] , polarimeters [14, 15] , beam shaper [16, 17] , sensors [18] , deflectors [19] and so on.
In essence, spin-orbit interactions in isotropic materials are connected with the fact that singular plane waves composing the beam are transverse electromagnetic in different frameworks. Practical examples include beams bended by gradient index [7] , interaction with interfaces [20] and even free space [4] . These effects can be interpreted in terms of a geometric phase called the RytovVladimirskii-Berry phase.
In anisotropic media another type of geometric phase arises, the Pancharatnam-Berry phase (PBP). PBP appears in the presence of a rotation of the beam polarization for a fixed wave-vector. Noteworthy, in anisotropic materials spin-orbit effects, such as birefringence or spatial walk-off, are observed even for plane waves due to the * alessandro.alberucci@gmail.com dependency on polarization of the light-matter interaction [21] . Nonetheless, the presence of PBP in anisotropic media widens the spectrum of the observable spin-orbit effects [12, 13, 16] , including the nonlinear case [22, 23] . The PBP affects the wavefront, and thus light propagation, when the anisotropic medium is inhomogeneous and showing a point-wise rotation of the principal axes across the intensity profile. In this Letter we first analyze light propagation in inhomogeneously rotated materials considering the trade-off between the PBP and diffraction. We show that PBP vanishes if the material is optically active, the field propagation then being affected by dynamic phase alone. Unlike Refs. [5, 6, 8] where geometric optics is used, here the wave behavior of the electromagnetic radiation is accounted for. Differently from the case of linear birefringence [24] , we demonstrate that in optically active media the two circular polarizations see a photonic potential reversed in sign, yielding polarizationdependent guiding and SHE. Let us consider the monochromatic propagation of an electromagnetic field [amplitude ∝ exp (−iωt)] in an inhomogeneous anisotropic material. The average wavevector is parallel to the axis z. We consider a non-magnetic material (µ = µ 0 I). Supposing that the medium permittivity does not vary along z, the electric field in the paraxial limit obeys
where the anisotropy in the diffraction coefficients has been neglected and k 0 is the vacuum wavenumber. The paraxial hypothesis allows us to neglect the longitudinal field in (1 changes in the local refractive indices. Principal axes distribution, in our case, can be modeled like a rotation by an angle θ(x, y) around the propagation direction z, R(θ) = (cos θ, sin θ; − sin θ, cos θ). Thus, for a generic vector v it is (v x ; v y ) = R(θ) · (v x ; v y ) where the subscript indicates the framework of the local principal axes. To analyze the effect of the local rotation R(θ), let us introduce the field in the rotated framework
A straightforward computation yields
where s j (j = 1, 2, 3) represent the Pauli matrices. Let us now discuss how the solutions of (3) depend on the features of 2D . From a general point of view, transparent anisotropic materials can be classified into two categories depending on the polarization of the plane waves which are supported as eigenmodes by the medium: we talk of linear or of circular birefringence when the eigenmodes are linearly or circularly polarized waves, respectively [21] . The last family can be easily generalized to the case of elliptic polarizations. Mathematically, the anisotropic material shows linear birefringence if the components of 2D are symmetric, whereas circular birefringence is related with an anti-symmetric 2D . Media fulfilling the latter condition are called gyrotropic due to the appearance of optical activity, and includes both chiral and magneto-optical materials, where the optical activity is spontaneous or induced by an external magnetic field, respectively [21, 25] . For a lossless medium, the components should be also complex conjugate for the tensors to be Hermitian, that is, i,j = * j,i . In the presence of linear birefringence, 2D is diagonal with two distinct eigenvalues, let us call them 1 and 2 . Then we can always set 2D = 1+ 2 2 I + a 2 s 3 , where a = 2 − 1 is the optical anisotropy. Substituting back into (3), we find terms proportional to two different Pauli matrices, thus (3) cannot be diagonalized in any basis [26] . This means that the polarization of the field will always vary while evolving along z, in turn leading to the occurrence of a transversely-varying PBP, whenever θ is not uniform. In accordance with the former statement, in the case of linear birefringence it is well known that the wavefront is strongly affected by the PBP, both for short [12, 16, 19] or long propagation [24, 27] with respect to the Rayleigh distance. Light propagation changes drastically in the presence of circular birefringence, that is, 2D = ( 1 , −iγ; iγ, 2 ), where γ is the modulus of the gyration vector. As a matter of fact, if 1 = 2 then 2D is proportional to s 2 , and (3) can be diagonalized in the circular basis composed by left circular polarization (LCP)L = (x − iŷ) / √ 2 and right circular polarization (RCP)R = (x + iŷ) / √ 2. Complex unit vectorsL andR can also be rewritten as (x + iσŷ) / √ 2, where σ is the photon helicity, with σ L = −1 and σ R = 1. Hence, no exchange of power between the two circular polarizations takes place versus z. This behavior agrees with physical intuition: a rotation around the propagation distance does not change the polarization state for circular polarizations, the latter being eigenvectors of the rotation matrix R(θ)
Then (3) can be diagonalized using the space-independent transformation between linear and circular polarization basis,
Substitution of (4) to (3) yields the two uncoupled equations
Eventually, application of the polarization-dependent gauge transformation
There is no exchange of power between the LCP and the RCP, meaning no contribution from the PBP: only a polarization-dependent and inhomogeneous dynamic phase σ p γ(x, y) is acting on the electromagnetic field. Summarizing, light propagates as if subject to a polarization-dependent distribution of refractive index given by RCP : n eff (x, y) = n 2 0 + γ(x, y),
LCP : n eff (x, y) = n 2 0 − γ(x, y).
We tested the theoretical predictions by means of in-house BPM (Beam Propagation Method) codes in (1+1)D and (2+1)D, simulating directly (1) in the paraxial approximation (second derivative along z is neglected) and in the presence of a transversely-varying circular birefringence. Two types of inhomogeneity for γ will be considered: with reference to the (1+1)D geometry, an even-symmetric (in two dimensions cylindrically symmetric) and an anti-symmetric profile (in two dimensions mirror symmetry will be imposed). According to Eqs. (7) (8) , in the first case a focusing/defocusing behavior is expected according to the beam helicity, whereas in the second case a spin-dependent deflection should occur.
For simplicity, we begin with the one-dimensional case and later on extend the results to the two-dimensional case. For the even case, optical activity is supposed to be Gaussian, i.e., γ = γ 0 exp(−x 2 /w 2 g ), where γ 0 is the maximum of the optical activity and w g is the width of the transverse distribution. Hereafter the input beam is a fundamental Gaussian beam ∝ e We also take a wavelength of 1.064 µm and n 0 = 1: the results can be easily generalized to other cases using standard normalizations. BPM results confirm the analytical results, i.e., the two polarizations evolve independently, seeing an effective index distribution provided by Eqs. (7-8) (see top panels of Fig. 1 ). The bottom panels of Fig. 1 depict the evolution of the beam width of the confined polarization for different values of the parameters, γ 0 and w g , of the graded waveguide. The confining effect becomes stronger, e.g. the number of bounded modes raises up, either increasing γ 0 and/or the width of the optical activity profile w g , as witnessed by the oscillations in the beam width. Power is almost completely coupled into the fundamental mode when w 0 = 2 µm, w g = 2 µm and γ 0 = 0.05 (first panel in Fig. 1) .
Analogous behavior occurs in two-dimensional geometries. To achieve a complete description of light with one single simulation for each geometry, in (2+1)D input beams are taken linearly polarized, that is, a superposition with the same weight of RCP and LCP waves. The RCP and LCP will be either focused and defocused, according to the sign of γ 0 . To stress out the differences with respect to birefringent media [16] , we will consider beams carrying angular momentum. Accordingly, input beams are Laguerre-Gaussian beam carrying a unitary charge of orbital angular momentum (OAM), whereas for γ a cylindrically-symmetric Gaussian profile is set. Results are plotted in Fig. 2 . The RCP component sees a focusing potential, coupling almost all its energy to guided modes of the waveguide. On the other hand, the LCP component perceives a repelling potential and spreads out faster than in a homogeneous medium. The transverse distribution of the beam phase, plotted in Fig. 2 , shows that the diffracting and the confined beam carry the same OAM of the input beam. In contrast, in an anisotropic medium with transversely varying optic axis (a so-called q-plate [16] ), the spin angular momentum (SAM) and the OAM are inextricably connected due to the PBP. The polarization behavior is addressed plotting the S 3 component of the Stokes vector S: for a purely RCP beam S 3 = 1, whereas for a LCP beam S 3 = −1, with all the other Stokes components being equal for both the circular polarizations. Polarization distribution on the beam cross section S 3 , plotted in Fig. 2 , shows that the confined part is RCP and the diffracting halo is LCP, fully confirming the predictions. We change now the spatial symmetry of the optical activity, i.e., we consider an anti-symmetric profile for γ, γ = γ 0 tanh(x/w g ). Depending on the input polarization, the beam will get deflected either to the left or to the right, i.e., optical SHE [8] . Figure 3 shows the evolution of the Stokes parameter S 3 in the (1+1)D case for a linearly polarized input. The RCP and LCP components separate spatially and are deflected symmetrically to either sides of the input direction. With increasing γ 0 , the strength of deflection is increased (not shown here). Deflection angle also depends on the length of the optically active medium, see the different panels of Fig. 3 . Finally, for longer propagation lengths in the optically active medium, the beam begins to develop fringes due to self-interference effects (last panel).
Next, we want to check the polarization-dependent deflection for beams carrying OAM. Input is a linearly polarized LG beam with unitary OAM charge. Like the SHE in the 1D case, the vortex beam splits into two specular halves, the LCP and the RCP. The two circular polarizations, deflected by the same angle in absolute value, broaden due to diffraction as well (Fig. 4) . The OAM of the two separated beams is same as that of the input, i.e., there is no conversion of SAM into OAM [16] .
In conclusion, we demonstrated that, in locally twisted anisotropic materials, the Pancharatnam-Berry phase vanishes in the presence of circular birefringence. Unlike with linear birefringence, a stronger spin-orbit effect occurs due to the monotonic accumulation of the polarization-dependent effects in propagation. Although in natural media the smallness of optical activity hinders the observation of the proposed effects, man-made metamaterials with enhanced circular birefringence are ideal candidates to verify our theoretical results [28] [29] [30] [31] , with possible extensions to the nonlinear case as well [32] . [2] R. J. C. SpreeuwFoundations of Physics 28, 361 (1998).
